As a result of toroidal rotation, sequences of new global modes are predicted to arise in magnetically confined plasmas. The frequencies of these Alfvén modes lie inside gaps of the continuous magnetohydrodynamic (MHD) spectrum that are created or enlarged by toroidal flow. The numerically obtained results are compared with an analytical investigation, yielding a useful criterion for mode existence. Because of their low frequencies, these modes may be easily destabilized by energetic particles. Because of their sensitivity to the Mach number however, these modes can provide a valuable extension to MHD spectroscopy by giving information on the rotational velocity.
Introduction.
In magnetically confined toroidal plasmas, such as tokamak plasmas for fusion energy research, high toroidal flow speeds can arise through neutral beam injection or intrinsic mechanisms. Such flow causes fundamental changes in the magnetohydrodynamic (MHD) stability and wave spectrum of the plasma. Centrifugal forces e.g. can stabilize various otherwise unstable modes [1, 2] . Toroidal rotation most significantly influences the low-frequency part of the spectrum, where at the same time MHD-stable waves are prone to destabilization by fast ions. Understanding the complete MHD spectrum of modes excited by fast ions [3] or antennas [4] is important for diagnostic purposes. Modes that are sensitive to rotation are of particular interest.
Here we present a new class of low-frequency MHD modes that exhibit such sensitivity to toroidal plasma rotation. The modes were found numerically and investigated analytically. Toroidal rotation, plasma compressibility and coupling between Alfvén waves and slow magnetosonic waves are taken into account.
A pronounced consequence of plasma rotation is the appearance of a toroidal flow-induced (TFI) gap in the continuous MHD spectrum [5, 6] . In a toroidal plasma, coupling of Alfvén waves to sound waves gives rise to a second spectral gap [7] [8] [9] . This pressure or β-induced Alfvén gap extends to the higher frequency of the geodesic acoustic mode (GAM) [10, 11] . Contrary to singular continuum modes, radially extended 'global' modes may exist within these gaps, with discrete frequencies near an extremum in the continuous spectrum. The radial group velocity of these standing waves vanishes because of interference with either a counterpropagating wave or with its own reflection off some 'potential well' in the plasma [12] . An experimentally well-established example of the first type is the toroidal Alfvén eigenmode (TAE) [13] while the latter category includes the global Alfvén eigenmode [14] and the reversed-shear Alfvén eigenmode (RSAE) [15] [16] [17] . Global modes called beta-induced Alfvén eigenmodes (BAEs) [8, 18] can exist near the GAM frequency. Recently, β-induced Alfvén acoustic eigenmodes were found both numerically and experimentally [19] . These modes also occur within the BAE/GAM gap, but at lower frequencies associated with extrema due to slow-Alfvén coupling. Toroidal rotation widens the BAE/GAM gap and a single global toroidal flow-induced Alfvén eigenmode (TFAE) can appear [5, 6] .
We show that toroidal rotation can cause the formation of a new class of global Alfvén modes below the BAE/GAM gap, which are distinctly different from both the BAE and the TFAE. Similarly, modes are shown to arise within the TFI gap for sufficient rotation. Observation of such modes that are sensitive to rotation can give detailed information on the rotation velocity, providing a valuable extension to MHD spectroscopy [4, 16, 17] . Using a simplified mode equation, a total of four types of Alfvén modes occurring above and below the TFI and BAE/GAM gap are analysed in a unified way. The analysis is therefore also relevant for the description of RSAEs in rotating plasmas. Simple criteria for mode existence are derived that agree with computations.
Preliminaries
We consider an axisymmetric tokamak plasma with major radius R 0 , minor radius a and a constant temperature T ≡ p/ρ, with p and ρ the plasma pressure and density, respectively. The plasma is assumed to rotate rigidly with a velocity V = R ê φ at an angular frequency in the toroidalê φ -direction. The geometry of the magnetic field B can be specified in cylindrical coordinates (R, Z, φ) in terms of the poloidal magnetic flux function ψ(R, Z), which runs from ψ m on the magnetic axis to ψ e at the plasma edge. The pressure p(ψ, R)
is the Mach number and γ the ratio of specific heats. For constant P ≡ dp 0 /dψ and J ≡ 2 /dψ, the axisymmetric ideal MHD equations can be solved analytically, leading to [20] 
where M 0 ≡ M(R 0 ). The coefficients c 1 and c 2 depend on the external magnetic field and can be adjusted to yield nested magnetic surfaces ψ. Next, we perturb this equilibrium with a displacement ξ(r, t) of the rotating plasma. Because of axisymmetry, we can investigate a single toroidal harmonic:
The angle ϑ is such that in the (ϑ, φ)-plane the magnetic field lines are straight. Inserting these perturbations into the linearized ideal MHD equations, a generalized eigenvalue problem can be obtained for the eigenvalues ω [21] that is solved numerically. The numerical code actually uses an Eulerian velocity perturbation v which, for rigid toroidal equilibrium rotation, is related to ξ(r, t) by v = −i(ω + n )ξ. The problem can be substantially simplified for a tokamak plasma with a circular crosssection and inverse aspect ratio ≡ a/R 0 1, when investigating low frequencies ω ∼ and assuming the ordering M 0 ∼ 1, m/q − n ∼ , and β ∼ 2 . Here the plasma beta
2 and the safety factor q(r) = B φ /B ϑ , with r a radial flux coordinate. For non-zero m and n, a mode equation for the radial component of the main harmonic ξ ≡ ξ r m (r) can be derived [22] from the Frieman-Rotenberg formalism [23] :
Here a prime denotes d/dr and at resonance q = m/n:
Hereω ≡ (ω + n )/ω s denotes the Doppler shifted frequency normalized by
where
and
The Mercier term of [22] is here absorbed in A 2 . Away from resonance, magnetic shear is taken into account by replacing A 1 with
The inhomogeneous term g arises from the toroidal coupling of the main harmonic ξ to the side-band amplitude ξ r m+1 . For ξ(a) = 0 we have
Results

Numerical
Equilibrium.
The analytical equilibrium of (1) was accurately reconstructed numerically with FINESSE [24] for various M 0 . With γ = 5/3, = 0.1 and β between zero at the plasma edge and a maximum β ≈ 5 × 10 −3 , a relatively flat, monotonically increasing, safety-factor profile was obtained, which was centred around q ≈ 2. The coefficients c 1 and c 2 of (1) were adjusted to make the height of the plasma cross-section at R = R 0 equal its width 2a.
Continuum modes.
The MHD spectrum for n = 1 was investigated with PHOENIX [21] , including the poloidal harmonics m = 0, 1, 2, 3 and 4. The low-frequency continuous spectrum is shown in figure 1 as a function of the dimensionless radial coordinate
Due to rotation and other toroidal effects, the low-frequency continuous spectrum deviates significantly from the uncoupled cylindrical continuum. Due to an intricate coupling [6, 11] with the m A = 2 and m s = 3 continuum branches, the m s = 1 continuum branch is dragged downwards in frequency near the rational surface and acquires an Alfvénic character. In a rotating equilibrium, the continuum does not reachω = 0 but is lifted to a finite frequency. This frequency is analogous to the buoyancy frequency or Brunt-Väisälä-frequency [11] of an air parcel in a stably stratified atmosphere, with centrifugal forces replacing gravity. The modified m = 2 Alfvén and m = 1 slow-wave continuum frequencies are described well by the frequenciesω 2 =ω 2 ± for which A 1 vanishes so that (3) becomes singular. The frequency range from −ω + toω + is the BAE/GAM gap, modified by rotation. The gap between −ω − andω − represents the TFI gap and is primarily due to the buoyancy effect mentioned above. Both gaps are clearly visible in figure 1. In the range 0.1 M 0 1.6, the frequencies ω − andω + given by (5) were found to agree within a per cent with the gap frequencies obtained numerically.
Global Alfvén modes.
Above certain Mach numbers, sequences of global modes were found to arise near the bottom and the top of the TFI gap, as shown in figure 2. Because of the low magnetic shear, these modes extend radially over the entire tokamak. They first appear near the bottom of the gap. At higher Mach numbers these modes also start to appear near the top of the gap. Figure 3 shows the amplitudes of the first global mode. The Eulerian velocity perturbation v = −i(ω+n )ξ is expressed in components as 2sv = v s a s −iv ϑ a ϑ −iv B a B . Here a s and a ϑ are covariant base vectors of the coordinate system (s, ϑ, φ) and a B = qRB/B φ = a ϑ +qRê φ [21] . The v ϑ -component is much larger than both v s and v B . Because this is the typical polarization for Alfvén waves, the observed modes can rightfully be called Alfvén modes. Figure 3 shows that the m = 2 component of v s and v ϑ , for which (m/q − n) 2 is minimal, is dominant. The v B amplitude shows significant side-band amplitudes for m = 1 and m = 3 as well, because motion parallel to the magnetic field does not bend the field lines. Due to perfectly conducting wall boundary conditions at the plasma edge, the radial v s velocity vanishes at s = 1.
Global modes also appear slightly below the BAE/GAM frequency. Above critical Mach numbers M 0 ≈ 0.9 and M 0 ≈ 1.0, these modes branch off the top and bottom of the continuum, how the magnetic shear influences these modes, we deviated from the analytical solution of (1) and chose
By increasing α from 0 to 5, the magnetic shear was increased tenfold. From figure 4 one observes that, for the very low magnetic shear used in the foregoing simulations, the mode frequency seems to be more or less independent of the magnetic shear. For r m q /q > 0.1 the mode frequency increases approximately offset-linearly with the magnetic shear, towards the continuum frequency. Under the influence of magnetic shear, the modes also become more localized. Their frequency starts to overlap with the slow magnetosonic continuum so that under the influence of a finite resistivity η, the modes are damped [25] . For a Lundquist number S ≡ B 0 R 0 √ µ 0 /ρ/η = 10 8 , the rate at which the modes are damped is about two orders of magnitudes smaller than their frequency. The interaction with the slow continuum was predominantly found to affect the parallel v B component and only a tiny perturbation of the v s -component was observed. Note from figure 4 that the influence on the v ϑ -component is largest near the plasma edge, where the Alfvén frequency diverges.
In order to test the robustness of these modes further, we increased the inverse aspect ratio and the dimensionless pressure to tokamak relevant values of = 0.3 and a maximum β ≈ 0.04. For these higher parameter values, the mode structure and frequency do not change substantially compared with the low-, low-β calculations. Also the modes discussed in the next section remain present.
Non-axisymmetric zonal flow modes.
In figure 2 also localized but non-singular modes are shown to cluster near the continua, with an increasing number of nodes when moving in frequency towards the continuum (Sturmian inω 2 [26] ). These modes have a negligible radial velocity so that their motion is practically within the magnetic surfaces. Unlike the global Alfvén modes of the previous subsection, which exist only for Mach numbers above a threshold value, these localized modes seem to exist for all values of M 0 . The frequency of these modes goes to zero with vanishing toroidal rotation, allowing us to identify them as a type of finite mode-number zonal flows. These modes arise due to compressibility of poloidal E × B perturbations which, if fully compensated by a parallel return flow, yields a zero-frequency perturbation. In agreement with the result of [27] for the axisymmetric case, these zonal flows acquire a finite oscillation frequency in the presence of toroidal rotation. This is primarily due to the previously mentioned centrifugal convective effect, which also gives the ω − -continuum its finite Brunt-Väisälä frequency. Simulations and analysis have shown [28] that a whole spectrum of finite-m, n zonal flows exist in general, that can condense into an axisymmetric m = n = 0 zonal flow. Similar to the modes found here, these flows were found to be radially located near rational surfaces.
Analytical
Mode existence criterion.
Various features of the observed gap modes can be explained through (3). Multiplying (3) by ξ * and integrating over the entire plasma yields 
For physical profiles the latter integral will be negative so this condition requires A 2 /β < 0. Slightly below the continuum frequenciesω 2 =ω 2 ± , where A 1 is positive but small, A 2 /β < 0 can be written as
whereω = ±ω − or ±ω + . The Mercier term 1 − q 2 ensures that for q = m/n > 1, modes just belowω 2 =ω 2 ± only exist for sufficiently high M 0 . This term represents the combined effect of the pressure gradient and the average toroidal magnetic field curvature, which for q > 1 gives a net stabilizing effect.
Comparison with simulations.
Near q = m/n = 1, the destabilizing pressure gradient exactly cancels the stabilizing average field curvature so that (10) predicts that the rotationinduced Alfvén modes can already exist at relatively low Mach numbers. This was indeed found from simulations described in section 3.1.3. Modes were in this case absent nearω = −ω + , for which (10) is not satisfied. Forω =ω + , the right-hand side of (10) is negative and modes were found for Mach numbers as low as M 0 = 0.1.
The right-hand side of (10) It is interesting to calculate the magnitude of the various terms of (8) from the simulations. For this purpose we use the n = 1, m = 2, v s -component of the mode shown in figure 3 . We find that numerically, the right-hand side approximately balances the left-hand side, with contributions more or less evenly distributed between the two integrals. The magnetic field-line bending contribution to the first integral of the right-hand side of (8) is an order of magnitude smaller, in agreement with the observation that the mode shown in figure 3 does not show localization due to the magnetic shear.
Perhaps even more interesting is to show how the various components of A 2 from (4) contribute to the first integral of (8) . The contribution of A 1 turns out to be negligible, in agreement with the assumption used in the analysis of section 3.2.1. The negative Mercier term β (m 2 − n 2 ) is only slightly smaller in magnitude than the positive flow drive
There is also quite a large positive contribution, about one third of the flow drive, from the Coriolis term of A 2 . This explains why in figure 2 modes were not found for M 0 = 0.8 near the bottom of the gap, where this term has negative sign.
Origin of the global Alfvén modes.
The radial 'potential well' that enables the existence of global modes, is created by toroidal rotation through the term r 
where the density
0 /4), responsible for the formation of the global modes. The singular continuum modes, in order to stay more or less incompressible, have only a very small radial component. The smoothly varying global modes can have a much larger radial perturbation so that they can make use of the energy source described by δW . When the volume average of δW is negative, a mode can gain energy from such a motion and depart from the continuum to form a discrete mode. Note that, because M increases outwards proportional to R, the plasma perturbation does not necessarily have to 'balloon' outwards to make use of this kinetic energy source. . At frequencies away from the continua, when magnetic shear is low enough, A 1 may become negative enough for the first integral on the right-hand side of (8) to become negative. This is especially so when the mode frequency approachesω 2 =ω 2 0 from below, for which A 1 diverges. In this case (8) gives, using
Modes above the continua.
In the second step Schwarz's inequality is used to obtain a bound based only on 'known' quantities. In this case, toroidal rotation creates a potential hill for modes. The condition (13) can be relevant for RSAEs, which accumulate aboveω 2 =ω 2 + when the safety factor has a minimum near q = m/n. These modes are routinely observed in magnetic spectrograms as up-or down-chirping Alfvén cascades [16, 17] . A characteristic bend in the spectral lines is observed near the minimum frequencyω + [9] which, depending on whether (10) is satisfied, may not be attainable.
Conclusions and discussion
In this paper we have shown analytically and numerically that, depending on the Mach number, global Alfvén eigenmodes can accumulate below or above the continuum frequenciesω 2 =ω 2 − andω 2 =ω 2 + . These new modes are distinctly different from TFAEs, which are formed by the coupling between an m-Alfvén wave and two (m ± 1)-slow magnetosonic waves. Instead, the modes described in this work only have a single dominant poloidal mode number m and arise due to a 'potential well', created by toroidal rotation, close to the continua. Also the dependence of the mode frequency on the rotation frequency, linear for TFAEs, can be used to discriminate between them. The modes accumulating atω 2 =ω 2 + are in the same frequency range as BAEs. Because the mode equation, (3), is linear in β however, these modes cannot be said to be induced by a threshold value of β. Instead it is shown here that centrifugal forces are essential for their formation. An existence criterion (10), derived for negligible magnetic shear, shows that modes can exist belowω 2 =ω 2 ± , near q = 1 at practically relevant toroidal rotation velocities. Simulations show that these modes remain present for practically relevant magnetic shear, aspect ratio, and β.
In addition to the stable modes described in this work, toroidal rotation was also found to induce unstable modes which will be reported in a forthcoming paper [29] .
Very localized but non-singular modes observed in the simulations nearω 2 =ω 2 − were identified as non-axisymmetric zonal flow modes. Because their motion is primarily within the magnetic surfaces, they do not contribute to radial transport and can play a role in storing some of the turbulent energy. Their negligible radial component is also the reason why they are not described by the mode existence criterion (10) for the radial component of the plasma perturbation. Because their amplitude is non-zero only in a small region around the magnetic surface these modes may escape strong continuum damping. When a small but finite resistivity was introduced the modes disappeared, however, from their original frequency range, while the global Alfvén modes were merely slightly damped.
In order to asses whether the global Alfvén modes described in this work can actually be experimentally observed, the implications of the various simplifying assumptions made in this work have to be investigated further. The effects of a finite temperature gradient and rotational shear, which were not taken into account in this work, enter the mode equation primarily through the Mach number. Ordinarily the Mach number decreases towards the plasma edge so that the term r 2 A 2 , responsible for the formation of modes, will only be larger than in the present case of constant M 0 . A larger variation of the equilibrium quantities, or a smaller aspect ratio, will modify the continuum significantly, making continuum damping [25, 30] of the global modes inescapable. Ion Landau damping of the lower frequency modes is probably very small because their frequencyω − 1 is well below that of thermal ions. Similar to BAE modes [18] , the modes nearω 2 =ω 2 + may be destabilized by energetic (beam) ions. These modes may therefore arise in a hybrid regime, which is included as a third operating scenario for ITER. In this advanced tokamak operating regime, a broad low-shear region near q = 1 exists at the centre of a tokamak plasma.
When they are not destabilized, the newly discovered global modes may also prove to be useful. Because the frequenciesω 2 =ω 2 ± at which these modes accumulate depend sensitively on the Mach number, they can provide accurate information on the rotation velocity. Similar to how the sweeping of Alfvén cascades in reversed-shear plasmas provides information on the q-profile, an extension of MHD spectroscopy can be envisioned in which the evolution of these modes provides information on the plasma rotation.
